We examine the complexity/volume conjecture and further investigate the possible connections between complexity and partition function. The complexity/volume 2.0 states that the complexity growth rateĊ ∼ P V . In the standard statistics, there is a fundamental relation among P V , the grand potential Ω and the partition function Z. By using this relation, we are able to construct an ansatz between complexity and partition function. The complexity/partition function relation is then utilized to study the complexity of the thermofield double state of extended SYK models for various conditions. The relation between complexity growth rate and black hole phase transition is also discussed.
6. Discussion and Conclusion 20
Introduction
The Anti-de Sitter/Conformal field theory (AdS/CFT) [1] [2] [3] [4] duality states that the gravity theory of the AdS space-time can be described by the conformal field theory on the boundary. This not only offers us a new way to calculate the physical quantities on the field theory side, but also provides us with a new ideas for understanding the nature of space-time. In particular, according to the holographic entanglement entropy [5] , there is a basic connection between quantum information theory and gravitational physics. However, in view of the thermo-field double state (TFD state) of the eternal black hole, it has been proved that entanglement entropy cannot provide us all the information in the evolution of the AdS wormhole [6, 7] . The Einstein-Rosen Bridge (ERB) usually connects the two sides of the Penrose diagram of the eternal AdS black hole, and classically it will grow forever. On the other hand, the dual TFD state on the boundary reaches its thermal equilibrium very quickly. So how to describe the continuing growth of ERB for a long time when the quantum states on both two sides stop evolving in the dual theory? To solve this problem, Susskind and his collaborators [8] [9] [10] [11] proposed a new concept called quantum computational complexity of black hole which can describe the quantum evolution of the boundary state after reaching thermal equilibrium. This concept can help us with some useful tools on studying problems of quantum complexity [12] . Note that Maldacena and Susskind have established a connection between Einstein-Podolsky-Rosen (EPR) in quantum mechanics and the Einstein-Rosen bridge (ERB) in gravity (so-called ER = EPR) [13, 14] . Based on the above conjecture, Alice on one side of the ERB can establish communication with Bob on the other side, but how difficult is it ? Quantum computational complexity can be understood as a candidate quantity to characterize how difficult it is in the calculation. In quantum circuits [15] , complexity is usually defined as the minimal number of gates used for processing the unitary operation [9] . Susskind related computational complexity to the distance from the layered stretched horizon in [8] , and further proposed a conjecture that the length of the ERB is proportional to complexity of quantum state of the dual CFT. Inspired by the work of Hartman and Maldacena [7] , Susskind and Stanford proposed a new version that the complexity is dual to the volume of the maximal spatial slice crossing the ERB called Complexity-Volume (CV) duality [11] 
where l AdS is the length scale that has to be chosen appropriately for the configuration. While this proposal captures the linear growth at late time, there is also a minor problem that length scales must be introduced manually. In a recent work [12] (see [16] for details), Susskind further proposed an alternative conjecture that the quantum complexity of a holographic state is dual to the action of certain Wheeler-DeWitt (WDW) patch in the AdS bulk so-called Complexity-Action (CA)
where A is the action of the Wheeler-DeWitt patch. This proposal solves the length scale problem of CV-duality and has the practical advantage that the WDW patch is easier to work with than the maximal volume. It was noted that both the CV duality and the CA duality share the same properties as follows [16] :
The rate of complexity growth is bounded by the product of entropy and temperature dC dt ∼ T S.
There have been many studies on CV duality and CA duality, such as the divergence structure [17, 18] , complexity growth rate [19] [20] [21] [22] [23] [24] [25] [26] , and the generalization beyond Einstein gravity [27] [28] [29] [30] [31] (see also [32] [33] [34] ), For example, some of us have tried to relate complexity with the phenomena of the accelerating expansion of our universe [35] . There is also a study on the complexity of disk-shape subregion in various (2+1)dimensional gapped systems with gravity dual [36] . Given the fact that many literatures [37] [38] [39] [40] [41] [42] have taken the cosmological constant as pressure, an improved version of the CV conjecture was proposed in [33] called "complexity=volume 2.0" (CV 2.0)
In the late time regime, it was proposed thaṫ
The above equation relates complexity to pressure and thermodynamic volume. The authors in [33] claimed that the CA duality would violate the Lloyd bound in some cases of charged black hole, while CV 2.0 would not, which shows the rationality of this conjecture. Subsequently, it was proposed CA2.0 [34] 
where A Λ is a part of the non-derivative action evaluated on the WDW patch. The application scope of equation (1.5) is not limited to the late time of the black hole evolution. Especially A Λ reduces to PV in the stationary limit. That will return to CV2.0. In a very recent paper, a new CV duality was proposedĊ = 2P ∆V in [43] . The rationality of the various versions of complexity and the existence of more reasonable conjectures deserve further study. From the standard thermodynamics, we know the relation between P V and the grand potential Ω pV = −Ω. First Law  dH=TdS+VdP  dM=TdS+VdP  dM=TdS+VdP+ΦdQ  Enthalpy  H=U+PV  H=M=U+PV  H=M=U+PV  Free energy  F=U-TS  F=U-TS  F=U-TS  Gibbs free energy G=H-TS G=M-TS G=M-TS thermodynamics is shown in table 1. When the system is in its thermodynamic equilibrium, Ω is at its minimum. The thermodynamical stability requires dΩ ≤ 0 1 . For canonical ensembles, the grand potential reduces to the free energy F . In ordinary thermodynamics, the principle of maximum work states that: For all thermodynamic processes between the same initial and final state, the delivery of work is a maximum for a reversible process, obeying dW ≤ −dF .
Quantum complexity is a kind of computational resource. The quantum computational process can be regarded as a thermodynamic process in which work should be delivered. Less complexity indicates less time or work is required. Then equations (1.4) and (1.6) together with the principle of maximum work indicates that complexity may related to the free energy of the system. Moreover, this could lead to dĊ ≤ −dF .
On the other hand, by studying the thermodynamics of black holes, we can understand the thermodynamic behavior of strongly coupled field theory systems at finite temperatures, while traditional quantum field theory is hard to work. Black hole phase transition is an important part of black holes. The famous Hawking-Page phase transition [45] corresponds to the confinement and deconfinement phase transition in field theory. As complexity can be related to the grand potential, it would be interesting to study the black hole phase transition by using complexity as a probe. We can also test the rationality of this version of the conjecture by calculating the evolutionary behavior of complexity over time in the phase transition process. On the other hand, we can also reconstruct the space-time in the bulk from the nature of the boundary complexity.
In this paper, our main purpose is to examine the universality of CV2.0 by establishing a connection between this conjecture, the grand potential and the grand partition function. The reasons for connecting CV 2.0 with the partition function are largely due to the fact that complexity of the TFD state of various extended Sachdev-Ye-Kitaev (SYK) model calls for further investigation. Being one of the simplest strongly interacting system with a gravity dual, the SYK model has many appealing features including thermodynamical and transporting properties. These properties suggest that the SYK models are connected holographically to black holes with nearly AdS 2 horizons. The operator complexity of the SYK model has been studied in [46] in which it was concluded that the complexity grows linearly. We are going to investigate the complexity of the corresponding TFD state of various deformations of the SYK model by exploring the complexity/partition function relation. This may provide additional evidence supporting the SYK model/gravity duality.
The structure of this paper is organized as follows. In section 2, we will establish the connection between complexity, the grand potential and the corresponding partition function. We take various deformations of the SYK model as concrete examples and calculate the corresponding complexity growth rate of the corresponding TFD state. Then, in section 3, we extend our discussions to Schwarzschild-AdS and Reissner-Nordstrom AdS black holes. In section 4, we relate complexity growth rate to black hole phase transitions since the grand potential Ω can describe phase transitions. In section 5, we investigate whether our proposal violates the Lloyd bound. The conclusions and discussions are provided in the last section.
Complexity and partition function
In the standard statistical physics, the grand thermodynamic potential is closely related to the grand partition function Z via [47] Ω = −kT ln Z.
(2.1)
From the ansatzĊ ∼ pV / ∼ −Ω/ , we havė
We refer this ansatz as "complexity growth rate/partition function relation". An alternative approach to obtain the relation between Z and pV is as follows. The partition function is given by
where α = µ kT , β = 1 kT , N r , E s and µ denote the particle number, energy and chemical potential of a system, respectively. Note that
4)
where the averaged particle number and energy are given bȳ
In comparison with the first law of thermodynamics
Therefore, we obtain
By further using the relation G =Ē − T S + pV , we finally obtain
This is a fundamental relation between thermodynamics and statistic physics. Connecting quantum complexity to partition functions through (1.4) and (2.11) goes beyond the original "CV 2.0" conjecture. One may call it "Complexity/Grand potential/Partition Function" relation or simply "CV 3.0"
This formula is able to relate complexity closely to the microscopic physics of the SYK model and black holes. We will evaluate this formula for various deformations of the SYK model and black holes. Hereafter, we take = k = 1.
The complexity/partition function relation in the SYK model
The SYK model as a quantum many-body model has many beautiful structures and properties similar to a black hole. It is solvable in the large N limit and the low-energy limit of the SYK model leads to a nonconformal contribution to four-point functions captured by a Schwarzian derivative. In this section, we examine the CP conjecture for the SYK model. The original SYK model has been studied in [48] [49] [50] . We are going to examine the complexity/partition function relation by utilizing the partition function given in [48, 49] . The SYK model is a quantum-mechanical model with N Majorana fermions with random interactions involving q of these fermions at a time, where q is an even number. The Hamiltonian is [49] 
Each coefficient is a real variable drawn from a random Gaussian distribution satisfies
After writing the original partition function of the theory as a functional integral with a collective action based on the Luttinger-Ward analysis [51] , one can obtain the free energy and the entropy. The general expression of the free energy, in a low temperature expansion, has the form [48] log
where the ground state energy, entropy and specific heat are all proportional to N . The zero temperature entropy is given for general q, that is S 0 N ∼ 1 2 log 2 − π 2 4q 2 + · · · . From the relationĊ ∼ T ln Z, the complexity growth rate is then given bẏ
The first two terms in (2.15) are consistent with the complexity of charged black holes obtained in [9, 16] , while the third term can be considered as a higher order correction. Equation (2.15) reflects that T S 0 is competing with the ground energy E 0 . This also agrees with the behavior one would expect based on a quantum circuit model of complexity [9, 15] : The rate of quantum computation measured in gates per unit time is proportional to the product T S; The entropy appears because it represents the width of the circuit and the temperature is an obvious choice for the local rate at which a particular qubit interacts.
The complex SYK model
We can extend our discussion to include the case of the complex SYK fermions. The zero-dimensional SYK model with complex fermions f i label by i = 1, ...N . The Hamiltonian is [50] H 0 =
The grand potential is given by [50] 
The thermodynamics of the zero-dimensional complex SYK model was discussed in [50] . The complete grand potential, including the contribution of the ground state energy is given by,
where Q is the charge density, Q is a parameter related to the entropy. That is to say
where S is the entropy and E is a parameter controlling the particle-hole symmetry. Subtracting the ground state energy, we simply obtaiṅ
In the E → 0 limit, it becomesĊ ∼ T S. This result also agrees with [16] .
Complexity growth rate and higher dimensional SYK model
Higher dimensional extensions of the original SYK models were investigated widely because such models can give interesting quantum critical properties, such as linearin-T resistivity [52, 53] , many-body localization to metal phase transition [54, 55] and so on. Recently, Patel et al. [56] and Chowdhury et al. [53] constructed a (2+1)dimensional strongly correlated solvable model, consisting of coupled SYK islands, which yields linear-in-T and linear-in-B behaviors. We are going to examine the complexity growth rate of this model. The (2+1)-dimensional SYK model given in [53] with the Hamiltonian
with
23)
The inter-band interaction H cf is chosen to be
where the coefficients V ijkl , are chosen to be identical at every site with u f ijkl = V ijkl = 0, and the distribution of the couplings satisfy (u f ijkl ) 2 = u 2 f , (u f ijkl ) 2 = 0 and (v ijkl ) 2 = u 2 cf . This model can be regarded as two independent subsystems: the conducting c fermions with a hopping t c r,r , and the local and immobile f fermions with SYK interaction at each site. As to the thermodynamics properties of the intermediate non-fermi liquid regime, one can evaluate the entropy density through S = − ∂F ∂T . This gives three contributions to the entropy density S = S 2N V ,
where ∆ = 1 q and γ q is a constant.
Here, S f (T ) is the entropy of a single SY K g model, S c (T ) comes from c-fermions, and S int (T ) originates from the inter-species interaction term H int . The complexity growth rate is theṅ
The complexity growth rate of f fermions obeys the relationĊ ∼ T S 0,q . However, the complexity growth rate for c-fermions and the interaction term do not obey on the entropy, which is because the c-fermions do not obey the SYK interaction. Therefore the subsystem for c-fermions does not yield a gravity dual. This result in turn further indicates that the SYK model indeed has its own gravity dual.
Complexity growth rate of thermofield double state of SYK "wormholes"
A pair of SYK islands of Majorana fermions with identical two-body interactions, coupled by one-body hopping, have been used to describe eternal traversable wormholes in a dual gravity theory [57] . The configuration contains negative null energy generated by quantum fields under the influence of an external coupling [57] . The dynamics of the two coupled SYK systems looks like that of a traversable wormhole. The Hamiltonian takes the form [57] 
(2.33)
The system will develop an approximate conformal symmetry at energy scales less than J . The effects of the coupling µ are as a perturbation to the approximately conformal system. The thermofield double state is a pure state of the combined, while left and right systems have a large value of the left-right correlators. At small coupling µ, the ground state is very close to the thermofield double state |TFD of the decoupled systems. At higher temperature, the partition function of the coupled system is then given by [57] log
where S 0 is the ground state entropy of each SYK model and η is a parameter. To leading order, the complexity growth rate is given bẏ
This again agrees with our original proposal. However there is a factor difference from the result obtained on the gravity side, the complexity growth rate of JT gravity [58] C
But our result agrees with [59] .
The complexity/partition function relation for AdS black holes
The relation ln Z ∼ pV /T ∼Ċ/T closely relates the microscopic physics ( i.e. the grand partition function) with the complexity growth rate. The origin of the microscopic states of Schwarzschild black hole still remains elusive. Within a semiclassical regime we can think of the partition function of the bulk theory as a path integral over metrics. Given the Euclidean saddle points of the bulk theory, the partition function is
where I E [g * ] is the Euclidean action at the saddle point. In the following, we use the notations given in [60] . The bulk action for Schwarzschild-AdS black hole with the Gibbons-Hawking boundary term is given by
where γ is the induced metric on the boundary and K is the trace of the extrinsic curvature. One saddle is obtained by analytic continuation of the Schwarzschild-AdS metric, setting τ = it. That is
The Hawking temperature of the black hole is
The corresponding entropy is then given by
After some calculation, one can evaluate the action of the Euclidean Schwarzschild-AdS black hole
The complexity growth rate then is given bẏ
We can also obtain the free energy from the Euclidean action
We conclude that F = −Ċ = T S/d. For RN-AdS black holes, the corresponding bulk action is the Einstein-Maxwell theory
where F = dA is the electromagnetic field strength. Working in the grand canonical ensemble with µ fixed and using the notation Ω = −T ln Z, where Z is the partition function defined by the gravitational integral. The metric of the RN-AdS black hole is given by
The corresponding Hawking temperature is given by
The grand potential is obtained as
From the complexity/grand potential relation, the complexity growth rate can then be obtained asĊ = −Ω. In thermodynamics, the well known thermodynamic relation is
This ansatz strongly indicates that S = ∂Ċ ∂T , so one may evaluate the complexity growth rate viaĊ = SdT .
Actually, the relation ln Z ∼ pV /T ∼Ċ/T has its deep connections with the CA conjecture. In the Euclidean coordinates, the action I E is related to the partition function via
18)
Therefore, we haveĊ
That is to say, complexity is closely related to the action in the Euclidean spacetime. The difference between the original CA conjecture and the formula obtained in (3.18) is that there is a minus sign. This means that the complexity growth rate can be positive or negative, which actually relates to the stability of black holes. For thermodynamically stable black holes, the minimum and negative free energy refers that the complexity growth rate is positive. For thermodynamically unstable black holes, the corresponding positive free energy indicates that the complexity growth rate is negative signalizing phase transitions would happen.
Complexity growth rate and black hole phase transition 4.1 Schwarzschild-AdS Black Hole
In this section we will focus on the relationship between complexity and AdS black hole phase transition. We focus on the 4-dimensional Schwarzschild-AdS black holes. For such black holes,
, the standard Schwarzschild-AdS Black Hole metric is written as
where M given by M = r + 2 (1 + r 2 + l 2 ) is the black hole mass and l is the radius of curvature of the AdS space-time. The Hawking temperature at the horizon and the entropy is given by
The form of M shows that for any positive mass, there is only one horizon. As a consequence, this kind of black hole does not admit any extremal configuration in which M has a minimum. From the formula (4.2) one can see that T has a minimum value of
For T < T min , there are no black holes but a pure radiation phase. The background heat bath is too cold to admit nucleation of black holes. For T = T min , a single black hole is formed with a radius of r min = l One can compute the difference of Euclidean action between the black hole metric and that of anti-de Sitter space, and in this case the contribution of the surface term is zero. The action equals to the difference in four-volumes of the two metrics and is given by [45] 
4)
Now we noticedĊ
When the temperature is less than T min , the maximum value of the complexity growth rate is at the origin (r + = 0); When the temperature is equal to T min , the function reach the inflection point at r + = 1 2πT min = l √ 3 . Above this temperature, there are two black holes, the small black hole corresponds to a locally minimum oḟ C, while the larger one is locally stable being a locally maximum. With increasing T,Ċ becomes the locally maximum when the temperature reaches the Hawking phase transition temperature T = 1 πl ≡ T HP .
Reissner-Nordstrom AdS Black Holes
For many years, physicists have found that AdS charged black holes have almost the same thermodynamic properties as van der Waals gas (for example, have the same P-V criticality) [61] . The standard 4-dimensional RN-AdS black hole metric is
The Hawking temperature at the horizon and the entropy is given by
In order to obtain the partition function of the system, we calculate its Euclidean action. For a fixed charge Q, one considers a surface integral
The first term is the standard Gibbons-Hawking term and the second term is needed to impose fixed Q as a boundary condition at infinity. So the total action is then given by
where I EM is given by
, and I c represents the invariant counterterms needed to cure the infrared divergences [62, 63] . The total action was first calculated in [61, 64] and reads
So in this case the complexity rate iṡ
Previous work on the critical behaviour of RN-AdS black hole in the non-extended phase space demonstrates that in the canonical (fixed charge) ensemble, for Q < Q c , there exists a first order phase transition in the system [64, 65] . The critical point of the RN-AdS black hole, given by T c = √ 6 18πQ , P c = 1 96πQ 2 [66] . We then consider the phase transition of the AdS charged black hole system in the extended phase space while we treat the black hole charge Q as a fixed external parameter, not a thermodynamic variable. The behaviour ofĊ is depicted in Fig.2 . Since theĊ demonstrates characteristic "wallow tail" behaviour, there is a first order transition in the system as T < T c . 
Relations to Lloyd Bound

Neutral static black holes
Obviously, according to the definition of quantum complexity, we can see that any way to produce states has already limited the growth of complexity. Inspired by Margolus-Levitin theorem [67] , Lloyd conjecture that the orthogonal time τ ⊥ is bounded below by
where E is the average energy of the state. If we take the reciprocal of both sides and describe the left side of the equation as the rate of complexity, then we came to the conclusion: the rate of complexity is limited by the energy of the system.
which is the Lloyd bound. In calculations with Schwarzschild-AdS black holes, E will be the mass M of the black hole. We found that CV2.0 does not strictly obey the Lloyd bound. In Fig.3 , we plot P V / 2M π andĊ/ 2M π as a function of the black hole radius r + . We can see that in this case the complexity rate denoted by (4.5) always satisfies the Lloyd bound. Actually, we test the Schwarzschild AdS black hole of all sizes r + ∼ l ads , r + l ads , r + l ads . They are always consistent with the Lloyd bound. 
Charged black holes
As argued in [16] , the existence of conserved charges slows down the growth of complexity at late time, The thermofield double state includes a chemical potential µ:
This state time-evolves by the Hamiltonian H L + µQ L on the left, and H R − µQ R on the right:
where H L and H R are the µ = 0 Hamiltonians. According to the same argument leading to the boundary of µ = 0, the complex boundary becomes [16] C
where (M − µQ) gs is the ground state of (M − µQ), which is either an empty AdS spacetime or an extreme black hole. In Fig.6 , we plot the growth of the complexity as a function of the black hole horizon for the three radius. All of them are below the bound given in (5.5).
Einstein scalar theory: case 1
In [43] , the authors found that for black holes in Einstein-scalar theory the Lloyd bound can be violated, because the volume of black hole singularity becomes negative. It is 
We begin with the example D = 4 case, in which the potential is [68] V
where the parameter β is a fixed dimensionless quantity. The theory admits asymptotic AdS black hole, given by [68] ds 2 = −f dt 2 + dr 2 f + r(r + q)dΩ 2 2,k , e φ = 1 + q r ,
The solution contains only one integral constant q, parameterizing the mass (5.11) Note that since T > 0, S > 0 and M > 0, we can conclude thatĊ = T S − M < 2M , so the Lloyd bound is satisfied for this case.
Einstein scalar theory: case 2
We now consider the other scalar potential as given in [69] 
The metric of the solution is given by [69] 
The solution contains one integral constant q, parameterizing the mass of the solution, given by
, (5.13) thermodynamical variables are given by [43] 
Simply, we set D = 4, β = g = k = 1. In the case of µ = −1, we calculate the complexity result asĊ 15) and for µ = 1, the form is expressed aṡ
. (5.16) Note also that in case, we can also conclude that the Lloyd bound is satisfied becausė
From these results, we may conclude that the complexity/partition function relation can satisfy the Lloyd bound for various conditions. Under the consideration of the principle of maximal work, the Lloyd bound seems not to be saturated by the complexity/partition function relation. For example, for Schwarzschild-AdS black holes with planar horizons the complexity growth rateĊ = M/2, having a factor difference from the Lloyd bound.
Discussion and Conclusion
In summary, by examining the CV 2.0 (i.e.Ċ ∼ P V ) and using a fundamental relation between thermodynamics and statistical physics ln Z = P V /kT = −Ω/kT , we obtain a relation between the complexity, the grand potential and the partition function. For canonical ensembles, the grand potential reduces to the free energy of the system. In order to illustrate the validity of our proposalĊ ∼ T ln Z, we have studied the complexity of the TFD state of various deformations of the SYK model. For the original SYK model and its extension to the complex field, the relationĊ ∼ T S is well respected. For (2 + 1)-dimensional SYK model with two bands where f fermions form the bulk geometry while the conducting c fermions live on the boundary. It turns out that only the f -fermions involving the SYK interactions obeys the relationĊ ∼ T S. We further studied the complexity growth rate of the TFD state of the SYK "wormholes" and found that the result agrees with [58] at the qualitative level.
We then applied the complexity/partition function relation to cases of AdS black holes. For both Schwarzschild-AdS and RN-AdS black holes, the relationĊ ∼ −F holds. The connections between complexity and phase transition were then discussed. It seems that the quantum complexity can be regarded as an order parameter for phase transitions. We have also checked whether our proposal violates the Lloyd bound. The results show that both the original Lloyd bound and the generalized Lloyd bound are satisfied for Schwarzschild-AdS and RN-AdS black holes.
Quantum computational process can be considered as a way toward complexity increasing and work should be done during this process. In thermodynamics, there is a well-known principle-the principle of maximum work dW ≤ −dF . In [70] , it was proposed that for general two-horizon black holes, the complexity growth rate in the WDW patch can be expressed asĊ = H + − H − , that is to say, the difference between the enthalpy associated with the inner and outer horizons. Later, a new CV conjecture was proposed as [43]Ċ = 2P ∆V, (6.1)
with ∆V = V + − V − , where V ± are the thermodynamical volumes on the outer and inner horizons. This is analogous to the mechanical work in the ordinary thermodynamics, i.e. ∆W = P ∆V . From the principle of maximum work, we can write down an analogous relationĊ = 2P ∆V = 2∆W ≤ −2∆F . For CV 2.0, this relation simply reduces toĊ ≤ −∆F . In this work, we assumeĊ ∼ −Ω and examine this relation for several conditions. The results show that the Lloyd bound is not violated, but cannot be saturated exactly. Much more can be studied on the relation between complexity, thermodynamics and statistical mechanics, we defer further study on their connections in future studies.
